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To my children



“The moiré is everything”

an unknown Russian writer,
(unpublished)
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PREFACE

What is the moiré effect?

Have you ever walked along a fence line and suddenly noticed some
strange pattern? Why do the wheels of a moving car or the propeller of a
flying helicopter appear to rotate backwards or not moving at all, although
you know the vehicle is moving forward? Have you wondered why the
texture of digital photos or illustrations in a newspaper is seriously
distorted sometimes? It is because of moir¢ patterns.

This optical phenomenon presents itself as repeated long-period darker
and lighter bands of various shapes (wavy, rippled, circular, etc.).

- How are the moiré patterns formed?

- What causes them?

- When can the moiré effect be useful and beneficial rather than
destructive?

- Can you recognize the moiré effect in 1 dimension?

- How would the moiré patterns appear in 2 or 3 dimensions?

The answers to above and other related questions are in the book. You
will learn about characteristics of the moiré patterns in the spatial and
spectral domains.

The book offers an opportunity to control the moiré patterns at a
minimum (to improve the image quality) and at a maximum (to display
images using the moir¢ effect). Also, we formalise necessary conditions
for the moiré patterns to appear. Besides, we suggest a new definition of
the moiré effect. In addition, we compare the moiré effect with other
physical effects and devices which may look partially similar to it.

The book is based on author’s research papers since early 2000s. We
use the central projection, the model of the projection camera, and the rule
of the incidence angles. Experimental photographs and computer
simulation go with analytical calculations. Besides, the physical meaning
of results is not overlooked.
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The author informs on the geometric description of moiré patterns in
several dimensions. Based on geometry of objects and their Fourier
transforms (spectra), we address the key characteristics of moiré patterns
in one, two, and three dimensions.

The book illustrates extra features of the moiré effect, which are
usually not covered by other literature sources:

- the projected period as the basis for all dimensions,

- the rule of incidence angles,

- the spectral trajectories in 2D and 3D,

- the rotational Glass patterns in regular grids,

- the unchanged visible period in parallel orthogonal planes,

- the distance of the constant projected period in a cylinder,

- the static moiré patterns in the moving grids,

- the condition to observe the moiré patterns in chiral cylinders,
- the amplitude of the moir¢ effect,

- the probability of the moir¢ effect.

Equally important, the author found interesting characteristic features:
the rational angles, the orientation of patterns at the moiré angle, the moiré
mirror, and the constant visible period of the moiré patterns in parallel
orthogonal planes. Also, in terms of the moiré period, the book describes
the equivalence of the twist angle and the scale in non-identical parallel
gratings and the quasi-periodic moiré patterns in periodic gratings.

The book aims to provide general guidelines for recognizing,
understanding, and controlling the moiré effect. The author hopes it will
also help researchers and engineers who may come across the moiré
patterns in their practice and need to eliminate or refine them for the use in
practical applications. In brief, there are about 150 figures, 250 equations,
and 200 references in the book.

Specifically, the chapters of the book cover the signals and 1D arrays
(stroboscopic effect, modulation of radio signals), the 2D moiré effect in
coplanar images, and the 3D effect in generalized cylindrical surfaces. We
study the effect in common 3D bodies. Examples of such bodies are a
parallelepiped (box, two parallel surfaces of prism or another polyhedron),
a prism (wedge), a sphere, and a cylinder. The time-dependent moiré
patterns are considered including the spectral trajectories and the static
patterns in moving grids.



The Geometry of the Moiré Effect in One, Two, and Three Dimensions ~ xiii

The author intends the book for specialists (researchers and engineers)
and public with prior background knowledge in mathematics and physics
(undergraduate); an ordinary reader may find many interesting and
sometimes unusual pictures of the moiré patterns.



INTRODUCTION

The moiré patterns in superposed (overlapped) arrays comprising
repetitive lines, circles, or dots may appear as lighter and darker
interference bands. One array is observed through another. On the one
hand, black (opaque) lines of one array may cover the white (transparent)
gaps between the lines of another array forming darker regions; on the
other hand, coinciding black lines of both objects maintain the lighter
regions.

When analysing the moiré effect, very essential is to acknowledge the
works of many distinguished authors whose valuable contribution should
not be left unnoticed: I. Amidror (2009), O. Bryngdal (1974), O. Kaftri and
H. Glatt (1990), K. Patorski and M. Kujawinska (1993), D. Post, B. Han,
and P. Ifju (1994), C.A. Sciamarela (1982), and P.S. Theocaris (1969).
Together with G. Oster, M. Wasserman, and C. Werling (1964), F.-P.
Chiang (1979a), K. Creath and J.C. Wyant (1992) and other authors,
whom [ probably forgot to mention. Their significant ground-breaking
works made a great impact on the theoretical and experimental
investigation of the moiré effect. Of particular note is

“a new pattern of alternating dark and bright areas which is clearly
observed at the superposition, although it does not appear in any of
the original structures”, a quote from Amidror (2009).

The period of moiré patterns is longer than the periods of overlapping
structures, as stated in the excellent Amidror’s (2000, 2009) book.
Particularly, the lines of both objects in Fig. 1 are nearly vertical, whereas
the moiré patterns are almost horizontal. A careful reader can see that the
moir¢ bands are formed on average.

In this book, we consider the geometry of the moiré patterns. We deal
with the moiré effect in monochrome objects. Also, we examine planar
and curved, one-, two-, and three-dimensional objects with arrays of
repeated geometric elements on their surfaces.
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Fig. 1. Moiré patterns between twisted arrays (line gratings). © Springer, adapted
from Saveljev (2016a) by permission.

One can find the moiré patterns virtually everywhere. Figures 2-4
show examples of the patterns in buildings and architectural details, in
cylindrical and waved meshes, in overlapped grids, etc.

. T

Fig. 2. Moiré patterns in buildings and constructions.
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(@ (b)

Fig. 3. Moir¢ effect in meshed curved objects (cylinder and curtain).
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Fig. 4. Moiré¢ effect in partially overlapped edges of identical line arrays: (a)
telephone booths and (b) steps of escalator.
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The classic moiré effect is an optical interaction between superposed
layers with periodically modulated transmittance (Chiang 1979a;
Sciammarella 1982).
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The moiré effect

“occurs when repetitive structures (such as screens, grids or
gratings) are superposed or viewed against each other.” Quote
from Amidror (2009).

We will refer to the above quotation by I. Amidror as the classic
definition of the moiré effect in the images.

A grating modulates the intensity of the light. One can apply either the
reflectance or transmittance function depending on a particular layout.
Namely, for the gratings printed on paper, we use the reflectance function;
for the gratings on a transparent film (such as OHP film), we use the
transmittance function. The grating nearest to the observer must be
transparent; other grating(s) may or may not be transparent.

The multiplication of the reflectance or transmittance functions
describes the interaction between the overlapped gratings. This nonlinear
operation produces new, longer periods.

Analytically, one can describe the moiré effect using the convolution
operation (Amidror 2009). The basic meaning of convolution is similarity.
Correspondingly, the moiré effect is almost inevitable in regular or almost
regular layers of similar structure. For example, the optical interaction
between the elements of the halftone screen and the lines of the
reproduced image may cause the undesirable patterns in reproduced
halftone originals (Balasubramanian and Eschbach 2001). The moiré
magnifiers (Hutley et al. 1994; Kamal, Volkel, and Alda 1998) also use
the convolution principle.

Another definition from Kafri and Glatt (1990) is as follows,

“The moiré effect denotes a fringe pattern formed by the
superposition of two grid structures of similar period.”

Note the word “similar” here and “repetitive” in the classic definition.

For the moiré effect, the periodical structure of the overlapped layers is
important. Layers with periodic transmittance are gratings, grids, and
meshes. We imply a periodic transmittance function, although the
periodicity is not a necessary requirement (Glass 1969; Amidror 2007a).
Therefore, the moiré effect in aperiodic or almost periodic layers is not
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impossible; see examples of the moiré patterns in bamboo mats and in
plants in Fig. 5.

N

(a) (b)

©

Fig. 5. Moir¢ effect in aperiodic structures: (a), (b) palm leaves, (c) bamboo mat.
In (a), (b), some aperiodic moiré patterns are pointed by arrows.

In rough terms, the moiré effect shows the similarity of two similar
arrays and magnifies the differences between them. The larger is the
difference, the less is the similarity, and v.v. The similarity is maximal in
two ideally aligned identical arrays, where the moiré patterns have the
maximum period (theoretically, infinite). We can hardly observe such
patterns. However, an angular misalignment can produce clearly visible
moiré patterns. As the misalignment (the dissimilarity of positions)
increases, the moiré bands become thinner and closer to each other. Their
period becomes shorter, and finally, they happen to be unrecognizable.







































