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PREFACE 
 
 
 

This book is for absolute beginners. It describes how we construct 
mathematical models of the transmission dynamics of infectious diseases. 
It is a manual, not a text book. It is written for those who can remember at 
least some high school algebra–but little else is taken for granted. The 
examples are all from the world of veterinary medicine but that should be 
no impediment to any interested reader.  

The tone is informal and conversational, the pace is very slow. Some have 
even called it “plodding”. Good. Thirty years teaching veterinary students 
how to construct and, importantly, how to use mathematical models of 
infectious diseases to compare and contrast population-based control 
programs have taught me the value of a deliberative approach with lots of 
repetition. I make no apology.  

My intention is to demystify, stimulate and proselytize. That has necessarily 
narrowed the focus of the book. It deals with only one of the many 
modelling formats that exist but it is, at least, a place to start.  

I am grateful to my colleagues at PennVet (Helen Aceto, Chris Rorres and 
Mike Levy) and to those several hundred students who took my modeling 
electives and wrote such interesting models.  

Finally, if I say, that the last people I want to thank are Prof. Hans 
Heesterbeek and Prof. Mick Roberts, I am sure they will recognize the 
allusion. Hans and Mick very graciously read an early version of the 
manuscript and, as always, put me right on a few things. Of course, all the 
mistakes are my own.  



 



CHAPTER 1  

BUILDING A MODEL 
 
 
 

1.1 Introduction 

In this chapter I shall describe the first few steps of building a model. Please 
have paper and pencil ready–I expect you to work through this with me. In 
fact, that is something you should be prepared to do in all the successive 
chapters too.  

But, first, a note on becoming familiar with the literature: those not engaged 
in building models will argue that a worthwhile model cannot be built by 
anyone who does not know the literature. Well, yes…, but that is not the 
only reason I routinely urge would-be modelers to read, learn and inwardly 
digest every bit of the relevant literature. Unfortunately, confidence in a 
model frequently has much more to do with the characteristics of the 
modeler than of the model itself. If the modeler is ignorant of the relevant 
literature, confidence in the model will plummet (and rightly so). If you 
want the model to be used, make sure your audience sees you know the 
literature better than they do.  

We model what we can count. We can count the number of horses in a 
paddock, the number chickens in a layer house, or the number of farms 
containing infected animals. It makes no difference–if we can count it, we 
can model the way it changes with time. This is how we do it.  

1.2 Draw a flow chart 

Drawing a flow chart is the most important stage in building a model. Never 
leave it out. Always begin with some kind of diagram of the system you are 
interested in. I am going to use flow charts (diagrams consisting of boxes 
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and arrows) but anything will do: a sketch, some scribbled notes on a white 
board, anything. Just make sure you always begin this way. Never start with 
the equations. 

Let us use avian influenza as an example. The first question to ask is are we 
interested in how the infection spreads between broilers (say) in a single 
broiler house or would we be better off modeling the way the infection 
spreads from one broiler house to another?  

Suppose we answered that question by saying we were interested in how the 
infection spreads between the broilers in a single broiler house. In that case, 
we might imagine being able to count one or more of the following things: 
the number of susceptible birds in the broiler house, the number of infected 
birds, the number of recovered birds or the number birds that died as the 
result of the infection. The flow chart that represents avian influenza in a 
single broiler house consists of boxes that represent the things we can 
imagine being able to count (Fig. 1-1).  

 

Fig. 1-1 The beginnings of a basic flow chart consisting of three host states: 
susceptible (S), infected (I) and recovered (R).  

There are three boxes (“compartments”) in the flow chart shown in Fig. 1-
1. The letter inside each box not only labels the box, it also represents the 
number of birds in that state. For example, the letter S in the topmost box 
tells us that this box represents susceptible birds and that there are S 
susceptible birds in the broiler house. There is nothing magical about the 
letters used in Fig. 1-1. I could just as easily have chosen K, Q and V to 

S

R

I
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denote each box. In that case, what the letters represented would not have 
been so easy to remember and it would have been necessary to have 
provided you with some very careful definitions, but there are no rules about 
which letters must be used. On the other hand, there is custom and practice–
and modelers tend to use the same labels over and over again just for 
convenience. I will stick with custom and practice as much as I can so you 
can more easily make the transition from this book to the primary literature.  

The next thing to do is to decide how the boxes are connected. The birds in 
a broiler house are introduced all at the same time and left there for about 
seven weeks. This means we do not have to worry about representing the 
influx of new birds into the system–but what about losses? Anyone with any 
experience of the poultry industry will know that not all of the birds will 
survive to market–however, just for the moment, let us assume that the 
background death rate is so small it does not substantially affect anything 
we are interested in. Given these assumptions (and it is always important to 
clearly state your assumptions) there are only two things that can happen to 
these birds after the fomite carrying the avian influenza virus gets into the 
broiler house: they can become infected (or not), and, if they become 
infected, they can recover.  

Yes, alright, they could also die as the result of the infection–but let us 
assume the number of deaths attributable to the infection is also small 
enough to ignore. At least that way I can begin with the very simplest case. 

We use arrows to represent the way in which birds move from one box 
(“host state”) to another (Fig. 1-2). Just like the boxes, each arrow is labeled. 
Custom and practice decrees that we should usually use Greek letters to 
label the arrows, but, I repeat, there is no rule that says we have to.  

There are just two possible changes of host state in this model (S to I, and I 
to R) and so there are two arrows. The first arrow (S to I) represents 
“transmission” (and, in models, transmission always leads to infection). The 
label, λ (“lambda”), represents the rate at which transmission occurs. The 
second arrow (I to R) represents a change of state that is not due to 
transmission. We shall call all such changes “transitions”. The label, δ 
(“delta”) on the arrow going from I to R represents the rate of recovery. The 
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terms, “transmission” and “transition” will be very important in later on–
get used to them.  

So, where are we?  

 We have stated that we are interested in the spread of avian 
influenza amongst birds in a single broiler house,  

 We have drawn the simplest flow chart we can to represent the 
system of interest and we have labeled the boxes and arrows. 
 

It is worth pointing out that it is always worthwhile to begin simply. I have 
nothing against complicated models but if you really want to understand 
why your model does what it does, start simply and add complications only 
if you really have to. Beginners always start with models that are too 
complicated. The temptation is to include everything that is mentioned in 
the literature. Do not succumb. Good models are useful, and models do not 
have to be comprehensive descriptions of the system of interest to be useful. 
Make some evidence-based choices. Decide what you might be able to leave 
out and still be able to answer the question to hand. You can always make 
the model more complicated later on if you have to, and, at least by then, 
you will know exactly why the complications were needed.  

 

Fig. 1-2 A basic flow chart consisting of three host states: susceptible (S), infected 
(I) and recovered (R). Hosts in state S can move into state I as the result of 
transmission (the rate of transmission is represented by λ). Recovery is represented 
by a transition from box I to box R (the arrowed labeled δ).  

S

R

I
λ

δ
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The next step is to turn the flow chart into equations. The recipe for doing 
this is straightforward.  

1.3 Writing the equations 

Begin with the flow chart in front of you. I like to draw the flow chart as far 
to the left of my pad of paper as I can. That way I can write each equation 
alongside the box it represents. It is a simple way to reduce mistakes (and 
everybody makes mistakes). Copy the flow chart in Fig. 1-2 and follow 
along as we write the equations. 

Alongside each box, write the derivative and an equals sign. You can see 
what I mean by this in Fig. 1-3.  

 

Fig. 1-3 Begin by writing the derivative alongside the corresponding box. 

The derivative dS/dt (pronounced “dee S by dee tee”) is the rate at which 
the number of animals in box S changes with time, the derivative dI/dt is the 
rate at which the number of animals in box I changes with time, and the 
derivative dR/dt is the rate at which the number of animals in box R changes 
with time.  

Later on, you will understand why it is convenient to write the model in 
terms of “rates of change” but, for now, just go with the recipe.  

S

R

I
λ

δ


dt
dI


dt
dS


dt
dR
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Next, we focus on each box in turn and we count the number of arrows 
going into or out of the box. Focus on box S. There is just one arrow 
associated with box S and it is leaving the box. This means that the rate 
represented by this arrow is causing the number of animals in box S to get 
smaller. This particular arrow represents transmission (infection) and 
infected animals necessarily leave box S to enter box I. Because there is 
only one arrow associated with box S, we know that there is only one term 
to the right of the equals sign in the equation for box S. The arrow is leaving 
the box so, by convention, that term is a negative term.  

 

Fig. 1-4 The right-hand side of the equation for S is constructed by first noting that 
there is a single arrow leaving box S. This means that there is only one term to the 
right of the equals sign and it must be negative. We supply the term by multiplying 
the arrow label (λ) by S, which is the label of the box from which the arrow 
originates.  

We do the following things. First, on the right-hand side of the equation for 
S, we write the sign associated with the arrow attached to box, S. The arrow 
is leaving the box so the sign is negative. Next, we write the Greek letter 
that is used to label the arrow (in this case it is λ). Finally, we write down 
the label of the box from which the arrow originates (in this case it is S). We 
end up with -λ multiplied by S (see Fig. 1-4).  

Now let us do the same thing for box I. There are two arrows associated 
with box I. That means there will be two terms on the right-hand side of the 
equation for I. The first arrow is entering the box (so that term will be 

S

R

I
λ

δ


dt
dI


dt
dR

S
dt
dS 
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positive), the second arrow is leaving the box (so that term will be negative). 
The first arrow is labeled, λ, and originates in box S so the first term is +λS. 
The second arrow is labeled, δ, and originates in box I so the second term is 
-δI. The equation for I is therefore 

IS
dt
dI  

  

We do not usually write the leading plus sign so the model equations so far 
are 







dt
dR

IS
dt
dI

S
dt
dS





 

Take a look at the equations for S and I. Do you see that the term λS was 
negative in the equation for S and positive in the equation for I? This is 
because the transmission events represented by λS cause the number of birds 
in state S to decrease and cause the number of birds in state I to increase. 
Also notice that the transmission term is always written as λS (not λI) even 
in the equation for I. This is because the arrow representing transmission 
originates in box S. Lots of beginners write λI in the equation for I (rather 
than λS) because they forget to ask which box did the arrow come out of.  

Finally, we complete the equation for R. There is only one arrow associated 
with box R and so there is only one term on the right-hand side of the 
equation for R. The arrow is entering box R (so the term will be positive). 
The arrow label is δ and the arrow originates in box I so the term is δI.  

The complete set of model equations is therefore 
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I
dt
dR

IS
dt
dI

S
dt
dS













 

These equations are called “differential” equations. The flow chart and 
equations on your pad of paper should look like Fig. 1-5. 

If your model looks like the one in Figure 1.5, congratulations, you have 
just written your first model! 

 

 Fig. 1-5 A complete SIR model of avian influenza in a broiler house. S = number 
of susceptible birds in a single broiler house, I = number of infected birds, R = 
number of recovered birds, λ = the force of infection, δ = the recovery rate.  

1.4 Using the recipe for other systems 

We began this chapter by stating that we model what we can count. We then 
asked whether we were interested in how avian influenza infection spreads 
between broilers in a single broiler house or whether would we be better off 
modeling the way the infection spreads from one broiler house to another? 
Suppose we had decided we were more interested in the spread of avian 

S

R

I
λ

δ

S
dt
dS 

IS
dt
dI  

I
dt
dR 
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influenza between broiler houses. What would the model have looked like 
in that case? Fig. 1-6 compares the model for avian influenza in broilers in 
a single broiler house with the model for the spread of avian influenza 
between broiler houses.  

On the face of it, the two models look identical. Actually, they are not. The 
model architecture is the same, and the equation format is identical, but the 
meanings of the letters that label the boxes and arrows are quite different. 

In the model of avian influenza in a population of birds in a single broiler 
house S = number of susceptible birds in a single broiler house, I = number 
of infected birds, R = number of recovered birds, λ = the force of infection 
between individual birds, and δ = the recovery rate. In the model of the 
spread of avian influenza between broiler houses S = number of broiler 
houses that contain birds which are not yet infected with avian influenza, I 
= number of broiler houses in which a sufficient number of birds are 
infected with avian influenza to present a threat to susceptible houses, R = 
number of broiler houses that are empty because avian influenza was 
detected and the birds were slaughtered and removed, λ = the force of 
infection between broiler houses, and δ = the rate at which infected broiler 
houses were detected and depopulated.  

 

Fig. 1.6 (a) An SIR model of how avian influenza infection spreads between broilers 
in a single broiler house; (b) An SIR model of how avian influenza spreads between 
broiler houses. 
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That is a long-winded way of describing one of the joys of modeling. As 
you become more familiar with models and modeling, you will realize that 
the same model architecture can often be used for a whole range of very 
different situations. All that changes is the meaning of the components of 
the model. This makes life very much easier.  

1.5 Adding new boxes 

Eventually somebody is going ask you the “But surely” question. It almost 
always refers to some bit of biology you have deliberately omitted from the 
model (sigh). Models work as well as they do because a great deal of what 
we see in the field can be explained in terms of the influence of one or two 
really important processes. This is as true of the conceptual models (thought 
experiments) that veterinarians use to plan disease control strategies as it is 
for the mathematical models that are written down in these pages. We can 
miss out a lot of interesting biology and still find useful answers to the 
questions we are interested in. So, do not be bamboozled by the “But surely” 
question.  

On the other hand, the only way to be completely certain that the bit of 
biology in question is as irrelevant as you claim is to put in the model and 
see if your plans for control change in any substantial way. If they do not, 
take it out again. If they do change, be sure to work out why the new bit of 
biology is so important.  

The great thing about flow charts is that it is very easy to add new boxes. 
We could argue that our model for avian influenza in broiler birds is flawed 
because we have not taken into account that host state in which the birds are 
infected but not yet shedding enough virus to be infectious, and we have 
ignored disease-related deaths (a huge omission if we were dealing with 
highly pathogenic avian influenza). Alright, let us add two more boxes. One 
box will stand for the infected-but-not-yet-infectious host state. We will 
label this box E. The other will represent the accumulated number of dead 
birds. We will label this box D (Fig. 1-7). 

The addition of these two boxes makes a big difference to our equations and 
to our definition of box I. The model now contains two infected host states, 
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E and I. Given that E stands for the infected-but-not-yet-infectious host 
state, box I must now represent the birds that are infected-and-infectious 
(not merely “infected” as in the simpler model).  

 

Fig. 1-7 An SEIR model of avian influenza in a broiler house. S = number of 
susceptible birds in a single broiler house, E = number of infected-but-not-yet-
infectious birds, I = number of infectious birds, R = number of recovered birds, λ = 
the force of infection, σ = rate at which infected birds become infectious, δ = the 
recovery rate. 

You will often see the hosts in box E described as “exposed” hosts. A word 
of caution here, clinicians and modelers use the word “exposed” to mean 
different things. Clinicians use the word “exposed” to mean that the host 
has found itself in a situation where it could have been infected but may or 
may not have been. That ambiguity is never present in a model. When a 
modeler assigns a host to box E, that host is most definitely assumed be 
infected with replicating pathogens–but those pathogens are not yet in 
sufficient numbers nor in the right organ system for the host to be considered 
infectious (this is one of the two different hosts states that clinicians 
sometimes call a “latent infection”).  

The set of equations in Fig. 1-7 looks a lot more complicated than in our 
previous model but they were derived using exactly the same recipe. Look 
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at the equation for I (the infectious hosts). There are now three arrows 
associated with box I. That means there will be three terms on the right-
hand side of the equation for I. The first arrow is entering the box (so that 
term will be positive), the second and third arrows are leaving the box (so 
those terms will be negative). The first arrow is labeled, σ (“sigma”), and 
originates in box E so the first term is +σE. The second arrow (which 
represents deaths due to disease) is labeled, α (“alpha”), and originates in 
box I so the second term is -αI. The third and final arrow is labeled, δ, and 
also originates in box I so the third term is -δI. The new equation for I is 
therefore 

IIE
dt
dI  

  

I omitted the leading plus sign… 

So, we can add as many boxes to the flow chart as we need to and the recipe 
for writing the equations will almost always work.  

1.6 Suggested further reading 

The general principles on which this chapter is based are set out in much 
more detail in Anderson and May1. Scott and Smith2, Keeling and Rohani 3, 
and Vynnycky and White4. Pepina et al. 5 provide an accessible introduction 
to modelling Avian Influenza in particular. 

1.7 Summary 

(a) All of the models in this book consist of a series of coupled differential 
equations, but, when you create your model, never start with equations. 
Always begin with a flow chart. 

(b) Flow charts consist of boxes and arrows. The boxes represent host states 
that we can count and the arrows represent the directions of flow of hosts 
between host states. 

(c) The letters in the box label the box and also stand for how many animals 
there are in the host state represented by the box. The Greek letters that label 
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the arrows represent the rate of movement of animals from one box to 
another. 

(d) Recipe for writing the equations 

 Alongside each box write the corresponding derivative and an 
equals sign 

 Count the number of arrows going into and coming out of the box; 
this tells you how many separate components there are going to be 
on the right hand side of the equals sign. 

 Arrows going into a box are represented by positive components; 
arrows coming out of the box are represented by negative 
components 

 For each component, write down the correct plus or minus sign, 
write down the Greek letter that labels the relevant arrow, and 
multiply it by the label of the box that the arrow is coming out of!  
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CHAPTER 2 

TRANSITIONS 
 
 
 

2.1 Introduction 

The models constructed in Chapter 1 described the net rates at which hosts 
move from one host state to the next. Hosts changed their state when they 
became infected or when the infected hosts progressed to death or recovery. 
Any change of host state that was not the immediate result of infection was 
called a transition. Transitions are the subject of this chapter and there are 
four of them in the model shown in Fig. 2-1. See if you can work out for 
yourself which of the five arrows represent transitions. 

In the model shown in Fig. 2-1 we have distinguished between the infectious 
states I1 and I2 to capture the characteristics of a disease progression in 
which hosts in state I2 are at risk of death due to the disease whereas hosts 
in state I1 are not. In the model, hosts move from box S to box E (at a rate, 
λ) but this is not a transition because the change of state that happens as S 
moves into E is the immediate result of infection. However, there are four 
other changes of host state in the model that do fit the definition of a 
transition: hosts in state E move to state I1 at a rate, σ; hosts in state I1 move 
into state I2 at a rate, κ; and hosts in state I2 either recover at a rate, δ, or die 
at a rate, α. The rates σ, κ, δ, and α all describe aspects of pathogenesis and 
immunology. For example, the rate, σ (E to I1) has to do with the rate at 
which the infected host becomes infectious to other hosts (this is a matter of 
the pathogen replicating and invading appropriate organ systems or tissues), 
and the rate, κ (I1 to I2), defines the rate at which an infectious host begins 
to show serious clinical signs.  


