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PREFACE 
 
 
 

Dear readers, 
I am Alexander Yefremov, professor of physics and mathematics and 

director of the Institute of Gravitation and Cosmology at the Peoples’ 
Friendship University of Russia (“RUDN-University”).  

I am a graduate of this university, my major was in theoretical physics, 
my teachers were professors Nikolay Mitskievich and Yakov Terletski. For 
one year I was also a visiting scholar at the University of Houston (Texas, 
USA), where Professor Robert Kiehn was my scientific adviser. At that 
time, I had the privilege to meet the Nobel Prize winner Paul Dirac and to 
make a presentation on the energy of gravitational fields at his seminar at 
the University of Tallahassee. 

It was during my time in Texas that Prof. Bob Kiehn once told me: 
“Alex, try quaternions!” I found his advice reasonable, and it wasn’t a mis-
take. Now, thirty years later, I invite you to join me in plunging into the 
fascinating world of hypercomplex numbers and becoming acquainted with 
the striking physical outcomes discovered there. 

So, as we Texans say: “Howdy y’all!” 
The main idea of this educational unit is to learn that a series of physical 

laws, initially discovered in an experiment and described (precisely or ap-
proximately) by some mathematical formulas, actually and immanently ex-
ist in the mathematical medium of hypercomplex numbers, and by a thor-
ough examination we detect these familiar formulas. This sounds an incred-
ible fact, but it really is a fact, and here I am going to show you. 

One of the most striking discoveries of this kind is the full chain of me-
chanical laws comprising quantum mechanics, classical mechanics and rel-
ativistic mechanics.  

Why striking?  you can ask. I answer: nowadays, these three theories do 
not cause any doubts in our knowledge and understanding of the physical 
world. They have been verified many times and moreover, more than suc-
cessfully applied in practical activity at different levels of accuracy. Practi-
cal success and plenty of rigorous experiments prove the validity of all these 
mechanical laws. So, we sincerely believe (I would even say, we have faith) 
in the correctness of the formulas mathematically reflecting the essence of 
mechanical laws.  
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Therefore, there is no surprise that the notions of mechanics are included 
(to a certain extent) in all educational programs. You find the elements of 
mechanics in secondary school curricula, and of course (in a higher volume) 
in university curricula. The ideas of mechanics are expected to be known by 
students studying humanities, while future engineers and physicists are 
doomed to solve sophisticated mechanical problems. 

Here I represent only a special university program-course concerning 
those who decided to be keen experts in fundamental physics or/and in ex-
clusive algebra mathematics. I am also sure that the suggested unit of newly 
discovered knowledge will be helpful for any person interested in a deeper 
understanding of the essence of the physical world and of the up-to-now 
hidden links between physics and pure mathematics. By the way, this gives 
us a better understanding of the nature of mathematics itself. 

However, the suggested course may be quite useful “technologically” 
for those who pursue a prosaic goal to more easily (and maybe more sys-
tematically) memorize mechanical formulas and to a certain degree to catch 
their meaning.  

Indeed, contemporary major course programs in “Physics”, for instance, 
normally imply several years of learning mechanics. The first term is usu-
ally devoted to classical and analytical mechanics (by the way, another No-
bel Prize winner, Eugene Wigner, used to call analytical mechanics incom-
prehensible; I promise to show you that it is comprehensible).  

In the following year (approximately a semester) the students are offered 
the relativistic branch of mechanics, after a course of “special electrody-
namics” based on Einstein’s approach to the special theory of relativity. 
This traditional approach suffers from a series of archaic disadvantages. 
One of them is the restriction of considering among the legal mechanical 
participants only inertial frames of reference. To cope with the difficulty the 
standard course usually suggests studying general relativity; however, in 
this case knowledge of sophisticated tensor analysis is a necessary condi-
tion.  

The students spend another year learning quantum mechanics. In fact, it 
is an absolutely different theory that is hardly related to the formerly studied 
mechanics. This axiomatic theory slightly supported by experimental ex-
amples (though explaining nothing in its axioms and math tools) appears as 
a kind of blow, since it is not understood by anyone, including the profes-
sors, who probably hardly keep from saying to their students: “Just memo-
rize the axioms, but do not try to understand”. 

Well, in this study you will find some plausible explanations, and they 
are given in a unique logical chain. Moreover, you will be able to see pic-
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tures of many physical magnitudes and functions that formerly were con-
sidered absolutely abstract. This is strange enough, but geometric images in 
this interpretation of physical phenomena even have quantum mechanical 
functions and relations, and you will probably, for the first time, see the state 
(wave) function and normalization condition depicted “on a sheet of paper”. 

Finally, one of the most important features of this course is that you will 
get all the suggested information, learn to solve various mechanical prob-
lems, catch the logic of the mechanical laws derivation, and memorize their 
formulas forever only in several weeks. 

Now I will briefly describe the sequence of chapters and speak of their 
content.  

The first introductory chapter is devoted to algebras as fundamental 
mathematical objects. I will describe the properties of exclusive algebras, 
briefly touching on algebras of complex numbers. Algebra of quaternion 
numbers here will be exposed in more detail with the main notions and prop-
erties. I will also give certain information about the last in the dimension 
“good algebra”: octonions.  

The second chapter implies a profound study of quaternions. At first, we 
will recall its traditional geometric aspects, and then consider a novel geo-
metric object, the variable quaternion basis.  This fresh knowledge will lead 
us to the notion of the so-called Q-vectors having specific properties of 
form-invariance and differential correlations. 

In the third chapter we will rewrite the classical Newtonian mechanics 
in Q-vector format and demonstrate how this formalism helps to analyze 
mechanical systems and solve problems of non-inertial motion. Special 
mention will be made of the so-called method of the chasing Q-frame. 

The fourth chapter is the last pure mathematical one but it is also the key 
chapter since here you meet the notion of a fractal 2D space. Here we con-
sider a new geometric image of a complex number (and of a simple quater-
nion number) as a conic-gearing mechanism. We also learn how to find 
square roots from a quaternion vector, and vice versa how to build a 3D 
space out of elements of the fractal space. Finally, we introduce a 2D-cell, 
a new object locally distinguishing an area of the fractal surface. 

The fifth chapter in its turn is the physically key chapter. Here we start 
a formulation of the “general theory of mechanics” demonstrating at first 
how the fundamental equation of quantum mechanics can be strictly de-
duced from pure mathematics as the algebra stability condition responding 
to distortion of the fractal 2D-cell. In the chosen system of units, this math 
equation becomes precisely the Schrödinger equation. A geometric (more 
precisely, “pre-geometric”) image of the quantum mechanical wave (state) 
function is demonstrated in this chapter. 
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In the sixth chapter, we show how equations of classical mechanics (in 
analytical mechanics format and in Newtonian format) arise as a specific 
reduction of the quantum mechanics equation. As well, a new equation ap-
pears here possibly describing an interior distribution of the matter inside 
the particle’s volume. In this chapter you also find a clear geometric image 
of the classical action function tightly linked with the model appearing here 
of a point-like particle (the so-called material point). 

In the seventh chapter relativistic mechanics emerges on the base of the 
specific particle’s geometric model directly following from the quantum 
and classical branches of mechanics. It is also shown that in a certain ap-
proximation De Broglie’s energy-frequency and momentum-wave vector 
formulas automatically arise with a variant of explanation of the nature of 
the particle’s proper energy. 

All chapters contain methodical materials aimed to strengthen and main-
tain new knowledge. Examples of problems and their solutions are given; 
questions and problems are offered to test your new competences. 

There are three types of competences:  
CR #refresh-your-brain: Competence “Refresh” – CR. You recall 

and renew your former knowledge in math and physics. 
CT #gain-new-technology: Competence “Technology” – CT. You 

get acquainted with useful methods, alternative notations and 
math tricks. 

CN  #explore-new-world: Competence “New” – CN. You get new 
knowledge in math and physics. 

Related typical and test problems and questions are respectively marked 
by the competence code. The level of a student’s ability to use the compe-
tence is assessed in the current tests.  

The competences are indicated in each chapter.  
Well, a little more about the competences, you get here; some of them 

are: 
- new widened and deepened math knowledge of exclusive algebras, es-

pecially quaternions (Chapters 1-4); 
- ability to solve new problems within the math of quaternion numbers 

(Chapters 2-4); 
- understanding how the Schrödinger equation (traditionally known as 

heuristic) can be deduced from pure mathematics (Chapter 5); 
- comprehension of the logical math chain strictly linking all branches of 

mechanics supported by a series of geometric images (Chapters 5-7); 
- firm memory of formulas of the fundamental mechanical laws. 

However, in fact, if you read the texts carefully, solve all the problems 
and answer all the questions correctly, then you will find yourself at a much 
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higher level of contemporary scientific knowledge, and feel essentially 
more assured in your ability to become an expert in the most sophisticated 
mathematical and physical areas. 

The book is mostly aimed at students (major: physics, mathematics, 
maybe engineering; level: bachelor physics, 3rd-4th year; master, PhD). 
Basic knowledge: mathematical analysis (ordinary and partial derivatives, 
integrals), vector calculus, Gauss theorem, matrix algebra; classical Newto-
nian and analytical mechanics; elements of quantum and relativistic me-
chanics. 



PART I 

MATHEMATICAL PRELIMINARIES  



CHAPTER 1  

FOUR EXCLUSIVE ALGEBRAS 
 
 
 

1.1. Author’s Lecture  

We start with this short overview of the chapter content. Of course, you 
can choose any order of looking through the materials, but I would strongly 
recommend reading this lecture first. 

When you have finished with the lecture you had better read the theory, 
I mean the “manual text”. Actually, it is the core part of the chapter; you 
will find there all the notations and definitions, derivations of the most im-
portant formulas, and proofs of theorems. 

Anyway, some parts of the material could be pretty hard to understand. 
There are two ways to cope with the difficulty. One way is straightforward; 
you can read my recommendations and additional explanations in the sec-
tion “didactic accents”. If this is not sufficient, you can choose the other 
way, looking for details in the literature given in the reference section. I 
would strongly encourage you to use this option since it teaches you to get 
accustomed to references and to work with scientific literature. Moreover, 
in this way you probably might find the answer faster. 

The next step is an acquaintance with samples of problems and questions 
similar to those offered in the current test variants. You will become aware 
of the complexity of the problems, read and analyze the given examples, 
and pursue the course of the solutions. Here you can check your ability to 
answer the questions and observe the correctness of your answers. 

Finally, you can try to pass the current test and will find the answers in 
the appendix. 

Well, go ahead; in this chapter, we shall speak of algebras. 
Here you get “necessary and sufficient” information on four exclusive 

algebras of real, complex and quaternion numbers, and on the Cayley’s oc-
tonions. 

The word “algebra” (originating from the Arabic “al-jabr” meaning “re-
plenishment”) here implies a specific mathematical set sometimes called 
“an abstract algebra”. Of course, the “math sets” is a huge domain of math-
ematics; it is less great but also very big if we only select algebras.  
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I will just remind you (or tell those who do not know) that the notion of 
abstract algebra means an algebraic structure where one or more operations 
are defined for the elements of this set. As a matter of fact, you can invent 
many types of operations, but they may not be of any use. That is why only 
“reasonable” operations such as multiplication, addition, division, and the 
introduction of a neutral element are regarded as good actions for practically 
helpful algebraic systems. 

I give several simple examples. 

 
Fig. 1-1. The simplest algebraic systems are based on one or two binary operations  

 
The simplest action is a binary operation normally called multiplication 

(or product).  
If this single operation is defined, the set is called a magma (or 

groupoid).  
If the multiplication is associative, then the set becomes a semi-group.  
If the set contains a neutral element (a unit), and if each element pos-

sesses its inverse, then the set is a group. 
A set with two binary operations, the above-mentioned multiplication 

and commutative addition with the property of distributivity, is called a ring. 
A ring endowed with the structure of linear space (vector space) is alge-

bra.  
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Fig. 1-2. Algebra must have a structure of linear space 

 
The properties that can vary in different algebras are commutativity and 

associativity of the elements’ multiplication.   
We deal here with a cluster of algebras with various multiplication prop-

erties. This cluster is sometimes called “exclusive algebras”. This label was 
stuck to four algebras due to the famous theorem proved more than 100 
years ago by the outstanding mathematicians Ferdinand Frobenius and 
Adolf Hurwitz. 

 
Fig. 1-3. F. Frobenius and A. Hurwitz have proved the exclusive algebras theorem 
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The theorem states that any normalized algebra with division is isomor-

phic to one of four algebras, those of real numbers, complex numbers, qua-
ternions, and octonions.  

So, we named all these exclusive algebras; but a little later I shall explain 
what the term “normalized” means.  

Of course, you are absolutely aware of the set of real numbers. This set 
is said to have a wide range of properties appropriate to the “best” algebraic 
set called the field. So, the set of real numbers is a very good algebra. 

 
Fig. 1-4. Algebra of real numbers is the simplest and “the best” one 

 
The symbol R is used to denote it. In my country boys and girls start 

learning it in secondary school. The elements of this algebra admit familiar 
operations; their multiplication is commutative and associative; the neutral 
element is the real unit, and the inverse elements (hence division) are per-
fectly defined. This algebra is normalized in the sense that each element has 
its norm: in this case, just its square. From here, further on we refer to the 
term “norm” to mean a square value. Then the modulus of the element is 
the positive square root from the norm. 

Addition – hence – subtraction is commutative and associative; for all 
algebras this operation is implied to possess these properties, as well as 
distributive laws with respect to all types of multiplication. 

The second exclusive set is the algebra (a field) of complex numbers; 
you are doubtfully acquainted with it, its symbol is C.  
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Fig. 1-5. Algebra of complex numbers is as “good” as that of real numbers 

 
Just a reminder that it has absolutely the same “good” properties as the 

algebra of real numbers, despite the fact that apart from one real unit another 
unit – an imaginary one – is the crucial distinguishing feature of this algebra. 
Yes, this algebra has two basic units (although a neutral element is still one, 
it is the real unit). An additional action was invented to endow this algebra 
with a norm, this is the complex conjugation. Well, the norm here is defined 
as the product of a number and its conjugation; while the numbers' modulus 
is a positive square root from the norm. From these definitions we immedi-
ately deduce the famous identity: the norm of a product of two complex 
numbers is equal to the product of their norms. In C-algebra this equality is 
called the identity of two squares. In fact, the “number of squares” is the 
distinctive feature of any exclusive algebra. 

The next, in terms of dimension (in the number of units), is quaternion 
algebra (a non-commutative division ring). Its symbol is Q (or sometimes it 
is H, the first letter of the name of its discoverer Hamilton). 
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Fig. 1-6. Algebra of quaternion numbers is non-commutative in multiplication 

 
This algebra comprises four units, one real and three imaginary ones. 

The coefficients at the units are real numbers (belonging to R-algebra). The 
Q-algebra elements admit operations similar to those of the previous two 
algebras, but with one exception. Namely, multiplication of two quaternions 
loses the property of commutativity. In all other features, it is a very good 
algebra. For its elements both the conjugation operation and the norm of a 
quaternion are defined. From the norm definition, similar to the identity of 
two squares in C-algebra, in quaternion algebra, we obtain the identity of 
four squares.  

Elements of Q-algebra are representatives of the so-called hypercom-
plex numbers, that is “more than complex”, because of more than two units. 
Our attention will be concentrated on this algebra; in particular, in its depth 
we shall discover a lot of formulas describing physical laws and moreover, 
many geometric images of physical entities that we have never seen before.  

In my opinion, the quaternion medium is the most beautiful math object 
because of its complexity and harmony simultaneously, and because of its 
immanent promise to reveal to us much more surprising information about 
the structure of the physical world. A little below I’ll give in detail their 
principle notations and relations, show their links with the geometry of 3D 
space, and say several words on their place in contemporary science and 
technology. 

And now to complete the story of exclusive algebras I would like to say 
several words about the algebra of octonions (sometimes they say octaves). 
The algebra’s symbol is O. 
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Fig. 1-7. Products of octonion numbers are neither commutative nor associative 

 
The algebra of octonions is based on 8 units, one is the real unit, and the 

other 7 are imaginary units (and also vectors). This algebra admits all oper-
ations as the above-mentioned algebras, but multiplication of its elements is 
neither commutative nor associative. Nonetheless, the British mathemati-
cian Arthur Cayley, instead of associative, suggested the so-called “alterna-
tive” multiplication, which also agrees with the definition of an octonion’s 
norm. The norm definition in its turn entails the identity of 8 squares, and 
this is the last algebra (in dimension) that admits the identities of squares. 
The Frobenius-Hurwitz theorem definitely says that there are no other alge-
bras (of higher dimension or any others) that comprise a different identity 
of squares, so the algebra of octonions is the last one. But we pay no more 
attention to this sophisticated algebraic set of hypercomplex numbers since 
in the physical world no numerical characteristic exists whose multiplica-
tion is not associative.  

Therefore, we only emphasize quaternion algebra. 
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Fig. 1-8. Sir William Hamilton discovered the algebra of quaternions in 1843 

 
Now, a reminder that this algebra was discovered by the great Irish 

mathematician William Rowan Hamilton in 1843. There is a special story 
about this discovery. They say that Hamilton was just walking around Dub-
lin, and all of a sudden, the basic formula of the quaternion multiplication 
came to him. Fascinated by the idea and trying not to lose it, Hamilton took 
a knife and carved the formula on a bridge stone. Now on this bridge (which 
they call the “quaternion bridge”) there is a memorial plaque saying “Here 
as he walked by on the 16th of October 1843 Sir William Rowan Hamilton 
in a flash of genius discovered the fundamental formula of the quaternion 
multiplication and cut it on a stone of this bridge”.  

Here I explain the denotations and the formula. 
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Fig. 1-9. Hamilton’s formula does not show products’ non-commutativity explicitly 

 
Conventionally, the real unit has its traditional symbol 1. By small Latin 

letters Hamilton denoted three imaginary units, the first one is “i” – as in 
the algebra of complex numbers (meaning “imaginary”); the two others are 
the next letters in the Latin alphabet – “j” and “k”. Hamilton’s formula in-
cludes the basic property of all imaginary units, their squares are -1. But the 
rest of the formula is not so simple.  

In fact, it means that any couple of imaginary units is equal to the third 
one, but with the sign plus or minus dependent on the order of the multipli-
cation. For instance, the product of “i” and “j” equals “k”, while the product 
of “j” and “i” is equal to minus “k”. Then you can check up that the product 
of “j” and “k” equals “i”, etc. 
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Fig. 1-10. Hamilton’s quaternion units obey 16 axiomatic product rules 
 

We, of course, understand that the multiplication of units fully deter-
mines the products of quaternion numbers, since (I repeat) coefficients at 
the units are real numbers.  

There are some special names for the real and imaginary parts of a qua-
ternion number. The real part (comprising a coefficient with the unit 1, 
which is normally omitted in formulas) is called a scalar part. 

 
Fig. 1-11. A quaternion number has real coefficients at all its units 
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 The rest of the quaternion is called its vector part; it comprises 3 coef-
ficients attached to 3 imaginary units, each unit implied to define a direction 
in a 3-dimensional (3D) space.  

Well, now consider the multiplication of two quaternions. It is produced 
exactly in the same manner as the multiplication of polynomials, but the 
non-commutative table of the units’ products must be taken into account. 

Here I give an example. 

 
 Fig. 1-12. The product of two quaternion numbers is explicitly non-commutative 

 
Let the first quaternion q1 be equal to a plus bi, plus cj, and plus dk; the 

second quaternion is q2, it is equal to e plus fi, plus gj, plus hk. We form the 
product q1 by q2 and multiply two polynomials. When multiplied by the 
scalar unit the imaginary unit does not change, but the product of the two 
imaginary units depends on their symbol and order. Using the Hamilton for-
mula, we again obtain a quaternion belonging to the same set of numbers. 

But if we take a different order of the multipliers, then the result will be 
different. You can check it on your own as easy homework. 

This property of non-commutativity of multiplication is of principal im-
portance in quaternion algebra. So, speaking of a product of two quaternions 
we will sometimes call it either the right one or the left one.  

In fact, the multiplication law is the core action with quaternions distin-
guishing them from other numbers. It is the first, and characteristic, binary 
operation. 

The second operation, addition, is very simple. 
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 Fig. 1-13. Addition of quaternions is commutative 

 
If you want to add two quaternions, you just find the sum (with the initial 

sign) of the coefficients at similar units. Using the example given above, we 
obtain the sum of q1 and q2 as a + e at the real unit, b + f at unit i, c + g at 
unit j, and d + h at unit k. You see, summation and subtraction (as a special 
case of addition) cause no difficulty. For me, it seems obvious, but you can 
check (as more homework) that the addition is a commutative operation.  

However, I remind you that quaternion algebra is supposed to possess 
the operation of division, and I have to admit that the definition of division 
in this set is not trivial. 

First of all, we have to understand – which fundamental characteristic 
describes the value of a quaternion number. Mathematicians eventually 
agreed that such a value is the number’s modulus. To get the norm and mod-
ulus, we previously defined the conjugate quaternion; this operation just 
changes the sign of the vector (imaginary) part of a number into the opposite 
sign.  
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Fig. 1-14. Quaternion conjugation helps to define the norm and modulus of a number 

 
The product of a quaternion and its conjugate has two remarkable prop-

erties. First, you can check that the multipliers’ order does not affect the 
result. Second, this result is always a positive number computed as a square 
hypotenuse of a “4D rectangular triangle”; this number we call the quater-
nion norm. A positive square root from this number is the definition of the 
quaternion’s modulus.  

 
Fig. 1-15. The conjugate product of two quaternions is the transposed product of 
conjugate multipliers 


